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1. Introduction 



Through out this paper, k will be a fixed integer such that < k < n. For A G K", let S k (X) be 
the normalized fc th elementary symmetric function of A, i.e. 



«Sfc(Ai, • • • , A„) — : Xi 1 ---Xi k . 

»l<»2<---<«fc 

Let H(n) denote the space of Hermitian matrices of size n. For A £ H(n), denote X(A) £ R n the 
eigenvalue of A and 

S k (A) = S k (X(A)). 

Even though we use S k to denote functions defined on both R™ and H(n), its meaning should be 
clear from the context. In either case, we use S k to denote the complete polarization of S k . Let 

r fc = {AeR" | Sj(X) >0,j = !,■■■ ,k] 

be the fc-positive cone in R". 

Let f2 be a smooth bounded domain in C™. For real valued function u e C 2 (SI) , we define the 
complex fc-Hessian of u by 

H k [u] = S k ( Hess c («)) 
where Hessc(w) is the complex Hessian matrix of u. Let 

P fc (fi) - {we c 2 (Ci) | A(Hcss c ( w )) g r fc } 

be the space of fc-plurisubharmonic (fc-psh) function, and V k (^l) be the subspace of Vk(ty containing 
functions vanishing on dQ. It is well known that for Vj £ Vk(Q),j — 1, • ■ • , k, 

H k [vi, ■■■ ,Vk] = Sk( Hessc M)r • ■ , A(Hess c (vfc)) > 0, 

For m, uo, • • • ,Ufc G C 2 (Jl), denote 

F fc [u , • • • , u k ] = I (-u )Hk[ui, ■ ■ ■ , u k ] and I k [u] = F k [u, ■ ■ ■ , u] = / {-u)H k [u\. 
Jn Jn 

Theorem 1. Notation as above 
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(a) For any u , ■ ■ ■ ,U fe S V"(fl). 



k 

F k [u ,--- ,u k ] < J| (hiuj}) 1 ^. (1) 

3=0 



(b) For fixed < m < k, and fixed v\, ■ ■ ■ , v m £ Pfc(fi), consider the functional 
V%(Q) 3 u i ► 4, l)1 ,...,- t)m M = / • • • • • • ,v m }. 

Then 1^ , „^* 1 ^ is convex on Vq in the sense that for any u,v € 'P^fi), 



^ u„ [«+«]< ^:+^ m m + h • (2) 

A smooth bounded domain f2 is strong fc-pseudoconvex, if dfl is connected, and the (k — l) th 
elementary function of the eigenvalues of the Levi form of <9fi is strictly positive on <9fL For strong 
fc-pseudoconvex domain, we have following Poincare type inequalities. 

Theorem 2. Suppose £1 is strong k-pseudoconvex, then for < m < k, there exists constant C 
such that for any u G V®(£1) 

(/ m [«])^<c(4[«])*, (3) 
where the constant C depends on m, k and f2 only. 

Some special cases of Theorem [1] were well known. For example Cegrell and Persson proved in 
[CP97] that if both u and v are psh function on a domain with vanishing boundary data, then for 
integer j such that < j < n, 

(-u)(dd c u) n ^j " +1 ( / (-v)(dd c v) n ) " +1 , 



which is just special case of equation (TTJ) with uq = ■ ■ ■ = Uj = u and Uj+i = ■ ■ ■ = life = v. 

Since the proof of Theorem [1] only uses the divergence structure of Hessian operator H k , so it 
can also be applied to the study of real Hessian operator and integrals. Let D be a smooth bounded 
domain in K™. For real valued function Uj € C 2 (D),j = 0, 1, • • • ,k and u £ C 2 (f2) define 



G k [u ,- ■ ■ ,u k ] = I (-uo)Skpess(ui),--- ,Hess(ufe) 

and 



D 



J k [u] = G k [u, ■ ■ ■ ,u], 
where Hess(u) is the Hessian matrix of u. 

Theorem 3. For any k-convex function uq, ■ ■ ■ ,u k with uq = ■ ■ ■ = Uk = on dD, 

n i 

G k [u ,--- ,u k ]<H^J k [ Uj ]y +1 . (4) 
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Theorem 4. Suppose D is smooth bounded domain in W l such that Sk-i(H) > on 3D, where 
II is the second fundamental form of dD, then for integer m with < m < k, there exists constant 
C depends on m, k and D such that 

(j m [u])^ <c(j k [u])^ (5) 
for any k-convex function u with u = on dD. 

Theorem U was originally proved by Trudinger and Wang in [TW98] using parabolic method. 
Compared with the proof in [TW98 , our proof is quicker and more elementary, and can be adopted 
to study the complex Hessian integral. However, Trudinger and Wang's proof contains more infor- 
mation, they showed that the the best constant C in equation ((5|) is attained by the solution of the 
Dirichlet problem: H k [u] = H m [u] and u = on dD. 

Hessian integrals like J k were first studied by Bakelman [Bak83] and Tso |Tso90] in the setting 
of real Monge- Ampere-operator. In Wan94j, Wang studied the real Hessian integrals for general k 
and established some Sobolev type inequalities. For more information on real Hessian integral, see 
[Wan09j and the references therein. 

For simplicity, we always assume that the functions studied in this paper are at least twice 
differentiable. Using the standard approximation technique, it is possible to extend the result to 
the case of real and complex Hessian measure for non-smooth functions, see |TW02 , BloOSj for more 
details. 

2. Complex Hessian Integrals 
Let to is the Kahler form of the standard Euclidean metric of C", i.e. 

lj = v 7 -!^ dip A dz j . 

It is easy to check that for u, uq, ■ ■ ■ , u k G Vk{ff), 

H k [u]Lu n = {V^ldduf A Lu"- k 

and 

H k [ui, ■■■ , u k ]Lu n = (V^lddwi) A • ■ ■ A (V^lddu k ) A uj n ~ k . 

Hence 

I k [u} = f (-u){V^TdBu) k Acj n - k 
Jn 

and 

F fc [uo, •■•,«*]= / (—ua)(V—lddui) A • • • A (V^lddu k ) A uj n ~ k . (6) 



Obviously the F k in equation [6] is symmetric in ui, ■ ■ ■ , u k . If Uj G V k (fl), j = 0, • • • , k, then by 
integration by part, 

F k [u Q , •••,«*]= / V^lduo A Bui A • • • A (V^dduk) A w"~ fe 
Jn 

= [ (-u 1 )(V^Tddu )A---A(V^Tddu k )AiJ n - k =F k [u 1 ,u Q ,---,u k } 
Therefore F k [v,Q, ■ ■ ■ ,u k ] is symmetric in its arguments if they are in PP(f2). 
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Lemma 5. For any uq,ui £ V k (fl) and any v 2 ,- ■ ■ , Vk € Pfe(O), 

Ffc[ttO,Ul,V2, • • • ,W/c] 2 < Pfc[tto, UO, V2, ■ ■ ■ ,Vk]Fk[ui,Ul,V2, ■ ■ ■ ,Vk]. (7) 



Proof. For t£ R, consider the quadratic function 
?(*) = F k[uo + tu u u + tu 1 ,v 2) ■■■ ,v k ] 

= F[ui,ui,v 2 , ■■ ■ ,Vk] t 2 + 2F[u ,Ui,v 2 , ■ ■■ ,v k ]t + F[u ,u ,v 2 , ■ ■ ■ ,v k }. 

Since 

q(t) = [ -(u + tu^iV-idduo + tui) A (y/^lddvi) A (V^lddbv k ) A uj n ~ k 
^ld(u + tui) A <9(u + tu\) A (V^lddv 2 ) A (V^lddbvk) A w" _fc 



So 



> 0. 

F k [u ,u 1 ,v 2 , ■ ■ ■ ,v k } 2 < F k [u ,u ,v 2 , ■ ■ ■ ,w fc ]F fe v 2 , ■ ■ ■ , v k ] 



□ 



With Lemma [3 both statements in Theorem [T] will follow from following well known algebraic 
lemma. 

Lemma 6. Let S be a set and f be a non-negative symmetric function defined on S = S x • • ■ x S . 
Assume that for any x%, ■ ■ ■ , x k G S , 

f(x 1 ,x 2 ,x 3 ,- ■ ■ ,x k ) 2 < f(xi,xi,x 3 , ■ ■ ■ ,x k )f(x 2 ,x 2 ,x 3 , ■ ■ ■ ,x k ). 

Then it follows 

k 

f{x 1 ,X 2 , ■ ■ ■ ,X k ) k < Y[ f(Xj, ■ ■ ■ ,Xj). 

3=1 

Moreover if S is a cone in some linear space, and f is linear in each of its argument, then 

f(x + y, ■ ■ ■ , x + y) 1 ^ < f(x, ■ ■ ■ , x)^ k + f(y, ■ ■ ■ , y) 1 ^ 
for any x and y in S . 

Proof of this lemma can be found in |Hor94] . 

To prove Theorem [2] we need another simple algebraic lemma for symmetric functions. 

Lemma 7. Let \i G T k C R™ with S k (fi) > 0, then there exists C depending on dist(/i, dT k ) only 
such that for positive integer m < k and VA G T k 

S m (X) < CS k (X, ■■■ ,A,/i, ••• 

where A and [i appear m and k — m times in S k respectively. 

Proof. Since S k (n) > 0, so /i is in the interior of Tk, therefore there exits e > such that 

fi - ee G T k . 
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where e = (1, • • • ,1) £ R™. Hence by the Garding's Inequality 

i i i 

Sk ~ m ( A > ' ' ' > A > • • • » M) > ^ _m (A, • • • , A, /i - ee, • • • , /i - ee) + (A, • • • , A, ee, ■ ■ ■ , ee) 

> sf^(X,--- ,A,ee,--- ,ee) = eSZT* (\). 

Therefore 

-5 m (A) < --^5fc(A,-- • ,A,/z, • • • 



(8) 



□ 



Proof of Theorem^ Since £7 is strong fc-pseudoconvex, it is known Vin88, Li04 that there exits a 
unique v € Vq{£1) such that fffc[u] = 1. Hence there exists e > depending on v only, such that 
Hessc(f) — sl n G Tfe C Tl(n) pointwise in J7, where I n is the identity matrix of size n. Similar to 
the proof of Lemma there exists C such that 

H m [u] = S m [Hessc(u)] < CS fc [Hess c (w), • • • , Hess c (u), Hess c (w), • • • , Hess c (v)] 

where Hessc(w) and Hessc(i>) appear m and k — m times in S k - Therefore 

I m [u] = I (-u)H m [u\ 
Jn 

<C (-u)5fc[Hessc(u), • ■ ■ , Hess c (u), Hessc(u), • • • , Hess c (v)] 
Jn 

= CF k [u, ■■ ■ ,u,v,--- ,v] 
<C(h[u])^(l k [v])^. 



So 



(Im[u]) m+1 <C(l k [u]) k +\ 



3. Real Hessian Integrals 



□ 



To prove Theorem [3] and Theorem 01 we only need to show that the functional G k is symmetric 
in its arguments when they vanish on the boundary and the analogous Lemma[5]for G k . They both 
follow from the divergence structure of polarized real Hessian operator. 

Let A^\j = 1, 2, • • • ,n be symmetric n by n matrices, then the polarized symmetric function 
Sk is given by 



ii,— ,ih 

where is the generalized Kronecker delta symbol. Denote 

SlU^, ■■, A^) = °§ k (AW,. ■ ■ , A<*>), 

dA^> 

then 

Sfe^ 1 ),--- ,A«) = Afs^_ x [A^\--- ,A( k -V) 
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and 



^: 1 (A( i ),-..,A( fc - i ))=i sT\j- ii : ^ i i---A ik - i) 



il ,— ,ik-l 

ji,— life— i 



Lemma 8. Let u\, ■ ■ ■ Uk-i £ C 2 {D), then for any index i G {1, ■ • • , n}, 

n 3 

^^-^.^Hess^i),--- ,Hess(u fc _i)^) =0 

3=1 3 

Proof. Denote Hess(u m ) = A^ m > , m = 1, • • • , k — 1, then 



dxj fc! ' 9x„ 

fe-i 



(9) 



fc! 

ti ■■■■ j^fe— i 



Noticed that the j m and j are anti-symmetric in the Kronecker symbol, while symmetric in A™ ., 
so the sum in equation ([9]) must be zero. □ 

Once the Lemma |5] is proved, then for any fc-convex functions v 2 , ■ ■ ■ ,v k , and C 2 functions Uq 
and Mi with u = ui on dD, 



G k [u ,ui,v 2 ,- ■ ■ ,v k ] = I -u Sk[(ui)ij , {v 2 )ij, ■ ■ ■ , (vk)ij] 

> 



So Gk is symmetric in its arguments if they vanish on the boundary, and more over 

G k [u,u,v 2 ,--- ,Vk] = / UiUjSlLi > 



D 

for any fc-convex v 2 , ■ ■ ■ ,Vk, and C 2 function u with u = on dD. Then same argument in the 
proof of Lemma [5] can be used to show following lemma which implies Theorem [3] and Theorem |4j 

Lemma 9. For any k-convex functions v 2 , ■ ■ ■ ,Vk, and any C 2 functions uq and u\. If uq = m = 
on dD, then 

G k [u ,ui,v 2 , ■ ■ ■ ,v k } 2 < G k [uQ,u ,v 2 , ■ ■ ■ ,Vk]G k [ui,Ui,v 2 , ■ ■ ■ ,v k ]- 
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